
 IntroductionGrothendieck Topologies Sheaves and Cohomology
10 exercises A mustpresentthe proof also one project A

Projects Prove Br Qp 0 27

X a top space Consider the category 4x of open subsets of X with
morphisms only the inclusions A presheaf of sets or anythingelse is a
contravariant functor F 4 Sets So for each Uc X we get a setFcu
and a restriction map

u e v
t t
Flu Flu

Set P 4 7 to be the category of presheaves of abelian groups onX Since
Ab is abelian so is P 4x Now let scyx be the category of sheaves
of Abgrips and is defined as a full subcategory of PC4 We need
a notion of a covering i.e a collection Ui3 of opensubsets with Vu U
Then we have the sheaf axiom SE P 4x is a sheaf if for any
covering Ui u and fiber product UirUj the sequence

SCU its Ui Is scuixuu

Then Stu t.ISCui is the equalizer of the diagram
Now note SC4x is an abelian category with two natural functors The inclusion
forgetful t.SKx7 PC4x and sheafification t PC4 Styx These are actually
adjoint left exact exact

Since SC4x has enough injectives we form an injective resolution
5 I I and take global sections Note an exact sequence of sheaves
is not the same as an exact sequence of presheaves

Det let C be a category with fiber products A Grothendieck topology on C
is thefollowing data a collection of coverings Ui U3ieI Sot
1 Any isomorphism U U is a covering
2 If Ui u and Vij Ui3j is a covering Hi then Vij U is a
covering

3 If Ui UZI is a covering for all U UixuV v is a covering

Fact We get abelian categories P c 7 SCC Scc has enough injectives and
for all XeC we get H XS done in the same way

Def A category with a Grothendieck topology is a site

Exampleofaset.uauedpnesheafonanycatege
VEC define hu Cop Sets by hulx Home x v



Det Let C be a category with fiber products Then a Grothendieck topology E on

Geis isaida og.aesaef canonical if it is the finest one in which every Hr

For us C Schemes and we have 3 topologies Zar Efate Flat For Zan
Ui U is a covering if Fi fi Ui su is an open embedding and Uficui U
Now flat descent Flat is subcanonical Zan Etale is subcanonical

Now in Zar fix huischoP Sets and choose Ui U Then

Horn UN hulu Thu Ui IThfuinuj
to be an equalizer Fi Ui v dilujnuj xjluc.nu

For which schemes will he take values in Ab The answer relies on the notion
of group schemes

IDefy A group scheme GlxeSeth is a morphism G X and X morphisms
ii GxG G and P G G and e X G satisfying
1 Associativity section

1xnGxGxG GxG
next t dm CommutesuGxG G

ixpBoth canositions oe.a.ae oxo iomeoutoeouo u

3 Law of identity The compositions

yr
XxxG d

a aG GxxG
x GxX idxe

are equal to idc
4 Gis commutative if u Moi where i GxG GxG swaps factors

Exercise Show Geschlx is a group scheme iff the functorhetakes values in
Grp

Det A group scheme Glx acts on Hx if there is o Gx Y y s 1
1 GxGxy Gxy commutes

exonxt toa
Gxy y

2 the composition f Xxxx Gxy 5 Y is idy



Exercise Provethat a groupscheme Glx acts on Hx iH the groupfunctor he acts
on the setfunctor try Notethis allows us to work w points

Xo The functor h c Pcc Funcopsets is fullyfaithful

Ext Ga Spec2713 CSchlspecze Define µ GarGa Ga as 2243 272302711
via x x It 1 x p Ga Ga by xi x and e Speck Ga by x O
commutative
So then hea x Homs XGa Homering 2713 MxOx MxOx

Ex2 GmSpecZ7x x Then

µ 274,5 Z x x 30274x
x x X

B 274 I Actually a commutative TP scheme

e 274xD 27
x i 1

Note hGm X Hansen XGm Hanning27613,17 03 MXOx

Ex2 Glu SpecZ7 Xii det Xi i jen

µ sends xi I xin Xuj
det det def

An abelian category is called Grothendieck if it satisfies a list of conditions Cloak
this up A theorem of Grothendieck says that any such category has enough
injectives google this for a proof Many sites are Grothendieck categories

Lets take another look at cohomology For any category C we have the
constant presheaf Be sending any object to 27 and morphism to ide
LemmeiSuppose C has a final object Then the twofunctors Pcc Ab
given by evaluation at X Ft Fix and thefunctor hee F Hommes Dc F

isomorphicare

ProutSuppose we have yeHumped 22 F Then we define the image of 1
under 2747 f x to be the element of F X Conversely given xeFCx choose

yeHompcc Dc F by the map 9117 x y 2747 FIX One can cheek this is
well defined as X is final DM

Now by the adunction P S Horn Dc F Hom Itc F Since the left
one is just FCK we now have two left exact functors Thus we have

Hilx F Ex1427 F



ILemmai Suppose GE is a trivial site only covering is isomorphism Then SCG PCG

Proofi Consider the covering U U Then in the fiber product
pU y

pl fgg
Then Fcu Flu 3 Flu is automatic K

U

Ee Let G be a group considered as a category with trivial topology indeed
all morphisms are coverings Then a presheaf on G is a sheaf and is
a Gmodule

Then M MG is left exact and so can be given cohomology Since
MG Han 27 M so Hi Gm Ex1427M the group cohomology Now
HilGF Extictle F

Since we don't have a final object Hom ZG F Flo indeed Fca M
so there would be no cohomology Ext is better

Flatmorphis
All rings are noetherian All schemes are locally noetherian

IDI Let A be a ring An Amodule is flat if AM is an exactfunctor

In particular any free A module is flat and any localization of a flat module
is flat Atheorem of commutative algebra tells us its enough to use
finitely generated modules so we make that assumption

IDefy A map of rings f A B is flat if B is a flat Amodule

Prep f A B is flat it for every ideal ICA the map I aB A aB B
is injective

Proof Let 0 M EM be exact with kgAmodules
cassias M is free of rank r Then r I is just O I A which is the assumption
If r 1 write M M Mz free of lower rank B gives

pO M B M B Mz B o
p fg B T

g a B N B pylori B O

a diagram chase shows the claim

caselble M arbitrary Let x Xr generate M Then we get after tensoring with Bi

N Axe M o
f iH u

N hi'gmy 1mi so



and again a diagram chase is enough by Cas Ba

Pref If f A B is flat so is 5 A T B if f s CT Conversely if for all
maximal idealsmeB Af1cm Bm is flat then f is flat

In particular we get f A B f'd SpeeB SpecA and this map of schemes is
flat if it's flat at all closed points

Det A map f X y of schemes is flat if HyeY themap Ox Oyy is flat

Exercisesshow f is flat iff H affine open Vey Ucx with flu cU the morphism
TCU 6 7 Flu y is flat

Note
1 Composition offlat morphisms is flat Clear from commutative algebra
2 Any open immersion is flat Take U X then up Oxtops andthe identityis
flat

3 Any base change of a flat morphism is flat Indeed we can assume affine so

SpedCaB SpecB

f I f flat
SpecC Speck

we get
C aB B
p Tf flatby Ex I
c A

some theorems

ThmCHarlsh.me 9.5 Let f X Y be a flat morphism of schemes of finitetype
over a field h Then for all xeX y f x then dim X dimXy dimYo

ThmCHartsh.me 9.9 Let T be an integral scheme and consider IPF We have
aclosed subscheme XclP7 over T For each tot Pee Ez is the Hilbert
polynomial of XtcPieces Then f X T is flat ilf Pe is independent of t

In particular all fibers have the same dimension

Det Let f A B be a flat morphism of rings Then f is faithfully flat if for any
A module Mto M aB to

In particular a faithfullyflat morphism is injective Let I kerf then we have

O I A exact Since I aB B is injective we see
11 11i If that I aB O I o
O IaB AaB B exact



PreyLet Ato f A Bfleet Then TEAE
i f is faithflat
ii M m M is exact ilf B M B M B m is an exact
iii f iSpecB SpecA is surjective
iv V max ideals mcA fcm B B In particular a flat localhour of local rings
is faith flat always

Prout see proposition 2.7 in Milne's E'takeCohomology 18

We now define a fundamental object the flat topology after giving some basics

IDI A morphism f Y X is faith flat if it is flat and surjective

It is worth remarking that faithflat morphisms are preservedundercompositionand
base change

Det we define a Grothendieck topology on Sch by for all schemes X a covering
set CovCx Ui X where Hui X is faithflat
Corollary Let f X be flat yet and x f Let xeExI Then there is alycY suchthat f yl x and ye yT
Proot Corollary 2.8 in E'tale Cohomology Ee D8

Th Any flat morphism thats locally of finitetype is open
Note locally of finite type For example 27 27oz gives Spect specks
which not of finitetype Then the image of Specters is not open
Root There is an open cover SpecAi of X and f Ui SpecBij_Vij with
each Bij is a fg Aialgebra Moreover fly Vij Ui is flat so its enough
to show this is open Thus we can assume X SpeeA and Y SpecB
with B a fg Aalgebra

We know Intf is closed under generalization Since the image of constructible sets
is constructible and constructible sets closed under generalization are open
we are done 1

Exercise Prove Exercise II 3.18 a d in Hartshorne

IExercisesProve Exercise II 3.19 a d in Hartshorne

IExerciseProve that a finite morphism is a closed morphism

Consider a finite flat morphism f X X Then f y is open and closed in X
hence surjective if X is connected



ThinLet M be a fg A module A noetherian TFAE
i M is flat as an Amodule
Ii Mm is a free Am module for all maximal ideals McAi
iii Nt is a locallyfree OspecA module

iv M is projective
u If A is also integral then dimup M AkcpD is constant on SpecA

Proofs Them 2.9 in EC

ii iii Fix a waxideal med Then Min is afree Ainmodule w finite basis
Hence we have a map M Mm and since

Nyman Is MYmmm

so choose x xu EM which are a basis forMm We then have a map
Axi M and hence an isomorphism Axim5Mm and hence we have an

open set containing meSpecA upon which Ellie Ou Dk

Exercises Prone i iv Li ii iv v Ex I5.8 in Hartshorn

Example F Y X be flat and finite Then f Oy is coherent on which is flat over
Ox Then we have fromthe above that its locallyfree


